Abstract. In this paper, first we give a simple criterion for the Arens regularity of a bilinear mapping on normed spaces, which applies in particular to Banach module actions and then we investigate those conditions under which the second adjoint of a derivation into a dual Banach module is again a derivation. As a consequence of the main result, a simple and direct proof for several older results is also included.
Introduction
In his pioneering paper, [3] , Arens has shown that a bounded bilinear map f : X ×Y −→ Z on normed spaces, has two natural but, in general, different extensions to the bilinear maps f * * * and f r * * * r . When these extensions are equal, f is said to be (Arens) regular.
If the multiplication of a Banach algebra A enjoys this property, then A itself is called (Arens) regular.
In this paper we first provide a criterion for the regularity of a bounded bilinear map (Theorem 2.1 below), by showing that f is regular if and only if f * * * * (Z * , X * * ) ⊆ Y * ; which in turn covers some older results of [10] , [5] on this topic (see Corollaries 2.2 and 2.3 below). Then we apply the above mentioned criterion for the module actions of a Banach
The implication (ii) ⇒ (iii) follows trivially from the fact that f * * * * (z * , x * * ) = f r * * * * * (x * * , z * ) = f r * * * * * | X * * ×Z * (x * * , z * ) = f r * * (x * * , z * ) ∈ Y * .
That (iii) is equivalent to (iv) is obvious; indeed, if we denote f * (z * , ·) by L, then it is easy to show that L * * = f * * * * (z * , ·). Now the conclusion follows from the fact that L is weakly compact if and only if L * * (X * * ) ⊆ Y * .
For (iii) ⇒ (i), suppose that f * * * * (Z * , X * * ) ⊆ Y * and let {x α }, {y β } be two nets in X and Y that converge to x * * , y * * in the w * −topologies, respectively; then
It follows that f is regular and this completes the proof.
As the first application of Theorem 2.1, we may present the following results of [10] , with a direct proof. (ii) f * * * r * r = f r * r * * * .
= f r * r * * * (y * * , z * * * ), x * * = f r * r * * (z * * * , x * * ), y * * .
As f r * r * * (Z * * * , X * * ) always lies in Y * , we have reached (iii).
1 implies the regularity of f , or equivalently f r * * * * * = f * * * * r , from which (f r * ) * * * * (X * * , Z * * * ) = f r * * * * * (X * * , Z * * * ) = f * * * * (Z * * * , X * * ) ⊆ Y * .
Now the regularity of f r * follows trivially again by Theorem 2.1.
The main result of Arikan's paper, ([5, Theorem 2]), is a criterion for the Arens regularity of bilinear mappings which applied it to give a train of results on the regularity of the algebra l 1 with pointwise multiplication, the algebra L ∞ (G) with convolution, where G is a compact group, and the trace-class algebra. Now, we give her result as a consequence of Corollary 2.2. It is worthwhile discussing that the assumption that she applied in [5, Theorem 2] has actually more byproducts; indeed, as we shall see in the next corollary, both f and f r * are regular, however she deduces merely the regularity of f . Proof. Using the equality f (x, y) = g(x, h(y)), a standard argument applies to show that f * * * * = h * * * • g * * * * . The weak compactness of h implies that of h * , from which we have
Now Corollary 2.2 implies that both f and f r * are regular, as claimed.
Arens regularity of module actions
Let A be a Banach algebra, X be a Banach space and let π 1 : A × X −→ X be a bounded bilinear map. Then the pair (π 1 , X) is said to be a left Banach A−module if
may be defined similarly. A triple (π 1 , X, π 2 ) is said to be a Banach A−module if (π 1 , X) and (X, π 2 ) are left and right Banach A−modules, respectively, and for every a, b ∈ A, x ∈ X,
If so, then trivially (π 2 r * r , X * , π * 1 ) is the dual Banach A−module of (π 1 , X, π 2 ). Also (π * * * ).
From now on, for a Banach A−module X we usually use the above mentioned canonical module actions on X * , X * * and X * * * , unless otherwise stipulated explicitly. However, for brevity of notation, when there is no risk of confusion, we may use them without the specified module actions. this is nothing but the regularity of π 1 ; which establishes (i).
As a rapid consequence of the latter result, we examine it for π 1 = π and π 2 = π r on X = A and we thus have the following result of Dales, Rodriguez-Palacios and Velasco, [10] . (ii) A * is a (A * * , )−submodule of A * * * .
(iii) A * is a (A * * , ♦)−submodule of A * * * .
Let (π 1 , X, π 2 ) be a Banach A−module. As we mentioned just before Proposition 3.1, (π 
is regular, for all x ∈ X.
Proof. The triple (π * * 2 , X * , π r * * r 1
) is a Banach A * * −module if and only if for all a * * , b * * ∈ A * * , x * ∈ X * and x ∈ X, π 1 r * * r (π 2 * * (b * * , x * ), a * * ), x = π 2 * * (b * * , π 1 r * * r (x * , a * * )), x .
Let {a α } and {b β } be two nets in A that converge to a * * and b * * , respectively, in the w * −topology of A * * . Then a direct verification reveals that
Thus (π * * 2 , X * , π r * * r 1
) is a Banach A * * −module if and only if θ x is regular, for all x ∈ X.
As a consequence, we give the next result of Bunce and Paschke, [6] . ) is a Banach A * * −module.
Proof. By Proposition 3.3 it is enough to show that θ x : A×A −→ X is regular, for all x ∈ X. Applying Theorem 2.1, the regularity of θ x is equivalent to the weak compactness of the linear mapping a → θ x * (x * , a) : A −→ A * , which is guaranteed by the fact that, every bounded linear map from a C * −algebra to the predual of a W * − algebra is automatically weakly compact (see [1, Corollary II 9] ).
Remarks 3.5.
(i) If either π 1 or π 2 is regular then trivially θ x is regular, for each x ∈ X. Therefore, in the Arens regular setting for A, using Proposition 3.3, X * is a A * * −module, which is actually a A * * −submodule of X * * * , (see Proposition 3.1).
(ii) In the Arens regular setting for A, if θ x is regular for each x ∈ X then (π * * that, when (π 1 , X) is a left Banach A−module then a bounded net {e α } in A is said to be a left approximate identity for X, if π 1 (e α , x) −→ x, for each x ∈ X. As a consequence of the so-called Cohen Factorization Theorem, see [8] , it is known that a bounded left approximate identity of A is that of X if and only if π 1 (A, X) = X. The same situation happens for the right Banach A−module (X, π 2 ). The latter identity in turn implies that x * * * = π r * * * * * 1 (e * * , x * * * ), for every x * * * ∈ X * * * .
Now the regularity of π r * 1 (again by Theorem 2.1) shows that π r * * * * * 1 (e * * , x * * * ) ∈ X * . We thus have x * * * ∈ X * , or equivalently X is reflexive. The proof of (ii) is very similar to that of (i).
The second adjoint of a derivation
Let (π 1 , X, π 2 ) be a Banach A−module. A bounded linear mapping
In this section we deal with the question of when the second adjoint D * * : A * * −→ X * * * of D : A −→ X * is again a derivation. We recall from the beginning of the last section that (a * * , D * * (b * * )).
We commence with the following lemma. 
